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Abstract— The extreme learning machine (ELM) was recently
proposed as a unifying framework for different families of learning
algorithms. The classical ELM model consists of a linear combination of
a fixed number of nonlinear expansions of the input vector. Learning in
ELM is hence equivalent to finding the optimal weights that minimize
the error on a dataset. The update works in batch mode, either with
explicit feature mappings or with implicit mappings defined by kernels.
Although an online version has been proposed for the former, no work
has been done up to this point for the latter, and whether an efficient
learning algorithm for online kernel-based ELM exists remains an open
problem. By explicating some connections between nonlinear adaptive
filtering and ELM theory, in this brief, we present an algorithm for this
task. In particular, we propose a straightforward extension of the
well-known kernel recursive least-squares, belonging to the kernel adaptive filtering (KAF) family, to the ELM framework. We call the resulting
algorithm the kernel online sequential ELM (KOS-ELM). Moreover,
we consider two different criteria used in the KAF field to obtain sparse
filters and extend them to our context. We show that KOS-ELM, with
their integration, can result in a highly efficient algorithm, both in terms
of obtained generalization error and training time. Empirical evaluations
demonstrate interesting results on some benchmarking datasets.

Index Terms— Extreme learning machine (ELM), kernel, online
learning, recursive least square (RLS).
I. I NTRODUCTION
Over the last decade, extreme learning machine (ELM)
theory [1]–[4] has gained increasing attention in the Machine
Learning research community. From a theoretical perspective,
ELM provides an interesting unified formulation to a wide range
of learning models, including single hidden layer feedforward networks (SLFNs) [5], support vector machines (SVMs) [6], and regularization networks (RNs) [6]. The optimization problem arising in
learning the parameters of an ELM model can be solved analytically,
resulting in a closed form involving only matrix multiplication
and inversion. Hence, the learning process can be carried out in
an efficient way without requiring an iterative algorithm, such as
backpropagation, or the solution to a quadratic programming problem
as in the standard formulation of SVM. From a practical point of view,
thus, ELM provides an effective family of learning models, whose
parameters can be found in a more efficient way with respect to other
approaches. Moreover, empirical simulations show that SVM and
SLFN (trained with backpropagation) provide a suboptimal solution
to many learning problems when compared with ELM [1], [7].
The classical ELM optimization problem is formulated in batch
mode, considering all the available data at once. This approach puts
some limitations on the number of inputs that can be processed
by the algorithm, mainly due to the computational cost and spatial
Manuscript received September 5, 2013; revised May 26, 2014,
September 4, 2014, and November 15, 2014; accepted December 11, 2014.
Date of publication December 31, 2014; date of current version August 17,
2015.
The authors are with the Department of Information Engineering,
Electronics and Telecommunications, Sapienza University of Rome,
Rome 00185, Italy (e-mail: simonescardapane@gmail.com; danilo.
comminiello@uniroma1.it; michele.scarpiniti@uniroma1.it; aurel@ieee.org).
Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/TNNLS.2014.2382094

requirements needed for inverting a matrix. In addition, in some
cases data may arrive sequentially, and in this context, it would be
better to work with a sequential algorithm instead of collecting data
before processing. For these reasons, several extensions have been
proposed to enhance the ELM robustness with respect to irrelevant
data and to extend its capabilities in an online sequential setting.
For example, Liang et al. [8] proposed an online version of ELM,
called online sequential ELM (OS-ELM), that deals with data in a
sequential fashion, one by one, or using chunks of (possibly) different
sizes. Miche et al. [9] investigated a way of pruning the nodes
of the network and derived the optimally pruned ELM (OP-ELM).
Despite the simplicity of the algorithm, OP-ELM was found to be in
many cases faster and more accurate than its classical counterpart,
especially when dealing with redundant data, showing the importance
that effective sparsification of the obtained model can have in a
real-world implementation of ELM techniques (sparse data classification in ELM is instead explored in [10] and [11]).
Previously to OP-ELM, pruning of an ELM network was explored
in the fast pruned-ELM (P-ELM) [12], using statistical tests
and only in the classification case. Other variants of the standard ELM model that have investigated similar issues are the
convex incremental ELM (CI-ELM) [13], and the OS fuzzy
ELM (OS-Fuzzy-ELM) [14].
The above works focused on the case of an explicit feature
mapping. Only recently Huang et al. [1] extended ELM using kernel
functions, explicating the connections with SVM and other kernel
methods, and derived what we denote as the kernel ELM (K-ELM).
Thus, no studies have been made regarding online ELM learning with
the use of kernels, which up to now remains an open problem in the
ELM theory. To this end, we propose to extend OS-ELM to the case
of implicit feature mappings. Since the OS-ELM formulation is very
similar to the recursive least square (RLS) algorithm, in this brief,
we show how the algorithm known as kernel RLS (KRLS), belonging
to the kernel adaptive filtering (KAF) family [15], can be used efficiently in this situation.1 To be consistent with ELM notation, we call
our resulting algorithm the kernel OS-ELM (KOS-ELM). Since most
kernel models grow linearly with the number of processed inputs,
computational time is the major issue to be confronted and solved
in our context [16]. Hence, this problem needs to be addressed to
consider KOS-ELM really useful in a realistic context. Here, we again
exploit the connections with the KAF world, where this problem has
been extensively studied. In particular, we provide the application
of two specific criteria for the sparsification of input patterns,
namely, the approximate linear dependency (ALD) [15] and the
fixed-budget (FB) [17].
A noncomprehensive list of the families of ELM models
previously discussed is summarized in Fig. 1, where our contribution is highlighted in boldface red, whereas some specific
variations of the basic models are shown between brackets.
Deformed K-ELM (DK-ELM) is presented in [18]. We refer to the
1 For the interested reader, the connections between the online solution of
regularized cost functions and adaptive filters have been already explored in
previous works [16].
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Fig. 2. Architecture of a basic ELM model. For simplicity, a single input
and output are shown.

Fig. 1. Noncomprehensive list of ELM models. The contribution of this brief
is highlighted in boldface red.

original papers for details on the domains in which each algorithm has been successfully applied: (ELM and K-ELM) [1],
(OS-ELM) [8], (OP-ELM) [9], (P-ELM) [12], (CI-ELM) [13],
(OS-Fuzzy-ELM) [14], (DK-ELM) [18]. Clearly, these are only a
subset of all the ELM variations, which have been proposed recently.
Because a complete survey of them goes beyond the scope of this
brief, we refer the reader to [2] for an entry point into this growing
body of literature.
We expect KOS-ELM to be beneficial in contexts where K-ELM
works better than ELM [18], but one of the following situations occur.
1) The computational cost of the matrix inversion required by
K-ELM is too large.
2) Data is arriving in a streaming fashion (time-series prediction).
We present examples of both these situations in our simulations. The
experimental results show that KOS-ELM, with the incorporation of
a sparsification procedure, is able to obtain comparable or higher
accuracy and training time with respect to the other members of the
ELM family in the datasets we considered.
The rest of this brief is organized as follows. In Section II,
we outline the basis of ELM theory. The main contribution of this
brief, the KOS-ELM algorithm, is presented in Section III, while
in Section IV, we provide a brief description of the two sparsification
criteria used in our experiments. Section V details some experimental
results, and finally, Section VI outlines future lines of work.
II. E XTREME L EARNING M ACHINE
Consider the classical learning problem [5] of estimating an
unknown relation between elements of an input space X ⊆ Rd and
elements of an output space2 Y ⊆ R, whose relation is fully described
by the unknown joint probability distribution p(x, y), x ∈ X, y ∈ Y.
Given a class H = { f : X → Y } of possible models, the goal
of learning is finding a good predictive function f ∗ ∈ H such that
f ∗ (x) ≈ y, given N independent and identically distributed samples
N drawn from the distribution. The set S is known
S = {(xi , yi )}i=1
as the dataset and each element as an example.
An ELM [1] is a linear combination of L activation functions
f (x) =

L


h i (x)βi = h T (x)β

(1)

i=1

where h(x) = [h 1 (x), . . . , h L (x)]T is called the ELM feature vector.
Thus, ELM has the classical three-layered structure of SLFNs.
In Fig. 2, we show a simple graphical depiction of an ELM with
2 For simplicity, we consider here the case where all elements are real and
we have a single output. The formulation can be easily extended to other
situations.

one input and a single output. Differently from conventional SLFNs,
however, the activation functions of ELM are considered fixed during
training (with no tunable parameters), so the learning problem is
reduced to that of estimating the optimal weight vector β. Parameters
of any standard activation function can be generated randomly from a
uniform probability distribution. The main result of the ELM theory
(see [1]) is that almost any nonlinear, piecewise continuous function
can be used in (1), and the resulting network will have universal
approximation capabilities.
The optimal weight vector is given by the solution to the
L2-regularized optimization problem [1]
min
β

N
1
C 2
ζi
β22 +
2
2

i=1
s.t. h T (xi )β = yi − ζi ,

(2)
i = 1, . . . , N

where C is a regularization parameter that can be adjusted by
the user and ζi , i = 1, . . . , N are slack variables that measure
the error between desired and predicted output. Equation (2) is
similar to the classical optimization problem of SVM [6], but has
simpler constraints (equalities instead of inequalities) and is valid
for regression, binary, and multiclass cases. Moreover, while SVM
learning results in a quadratic optimization problem, (2) has a solution
in closed form

−1
1
Y
(3)
I N + HHT
β = HT
C
where we defined the hidden matrix H = [h(x1 ), . . . , h(x N )], the
output vector Y = [y1 , . . . , y N ]T , and I N is the N × N identity
matrix.
Connections with SVM and other kernel methods become apparent
when, instead of an explicit feature vector h(x), we consider a
kernel function k(x, y) = h(x), h(y) , where ·, · represents the
inner product in the ELM feature space. Function k(·, ·) is named
ELM kernel, and is a kernel by definition. By explicating the
kernel matrix  = HHT : i j = k(xi , x j ), the ELM model can
be rewritten as
−1

1
IN + 
Y.
(4)
f (x) = [k(x, x1 ), . . . , k(x, x N )]T
C
Equation (4) is similar to the SVM model, but provides a
closed-form expression for the kernel coefficients. The resulting
formulation is closely related to the RN, as described for example
in [6] and [10]. Thus, ELM can be seen as connected to SVMs,
SLFNs, and RNs. Differently from the first two models, however, it
provides a more efficient solution to the computation of the model
parameters [1].
A. Online Sequential ELM
To ease the computation of the inverse matrix in (3), and to extend
ELM to the online setting, Liang et al. [8] proposed a sequential
learning algorithm, called OS-ELM. Suppose that the dataset is
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presented
 B in successive mini-batches Si , i = 1, . . . , B, such that
S =
i=1 Si . We denote by Hi and Yi the hidden matrix and
output vector restricted to the mini-batch i. A first approximation
of the weights is computed from the first mini-batch
−1

(5)
P1 = H1T H1
β (1) = P1 H1T Y1.

TABLE I
KOS-ELM P SEUDOCODE

(6)

For the inverse to exist, we require that |S1 | ≥ r ank(H), where
|·| denotes the cardinality of a set. At each new batch k, then weights
are updated as
T I + H
T −1 H
(7)
Pk+1 = Pk − Pk Hk+1
k+1 Pk Hk+1
k+1 Pk
T (Y
(k)
β (k+1) = β (k) + Pk+1 Hk+1
k+1 − Hk+1 β ).

(8)

As pointed out in [8], the algorithm is equivalent to the known RLS
applied to the vector h(x) and, for this reason, also possesses all its
convergence properties [20].
III. K ERNEL OS-ELM
Over the last years, many attempts have been made at extending
the capabilities of linear filters such as the RLS to general nonlinear
mappings [21]. The simplest solution is to carry out the filtering
process in two stages: 1) a nonlinear transformation of the input
and 2) a subsequent linear filtering. If the input to the first step
is a buffer of the last M elements of the signal x: xn = (x[n],
x[n −1], . . . , x[n − M +1])T , and we denote the nonlinearity as h(·),
the resulting model is
y[n] = h T (xn )β n .

(9)

By the equivalence of (1) and (9), the connection between online
ELM and nonlinear adaptive filtering becomes noticeable.
In particular, if the ELM feature vector is given by the nonlinear
transformation applied to the signal and the RLS is used to adjust
the weights, the resulting adaptive filtering algorithm is equivalent
to OS-ELM.
An important class of nonlinear adaptive filters is the
KAF family [15]. Although they also consider a nonlinear transformation of the original input, such transformation is never computed
explicitly, but only through the use of a kernel function (similar to
the difference between SLFN and SVM). Due to the properties of
the underlying reproducing kernel hilbert space associated with the
kernel, KAF algorithms exhibit interesting properties of convergence
and have low computational requirements. For this reason, they are
one of the most successful learning models dealing with kernels.
RLS has an equivalent formulation in the KAF domain known as
KRLS [15].
By the above discussion, it should be clear how the KRLS can
be extended straightforwardly to OS-ELM learning with a generic
ELM kernel. The result is a sequential online approximation of
model in (4) that, in accordance with ELM terminology, we call
KOS-ELM. In Table I, we report the pseudocode of the algorithm,
adapted from [15]. We refer to [15] and [22] for a full derivation and
an analysis of KRLS convergence properties that hold equivalently in
this context. The parameters of the algorithm are the kernel function
to be used, and a regularization parameter C. At each new example
(xi , yi ), the algorithm stores a new unit with center xi and ri−1 ei
as its coefficient, where ei denotes the error of the filter before the
update. Moreover, the algorithm updates at the same time all the
previous coefficients by a factor −zi ri−1 ei . Note that differently from
OS-ELM, the algorithm is defined for inputs coming one at a time,
since it needs to compute a new center for each of them. From a
computational perspective, the time complexity of OS-ELM is related

to inverting a P × P matrix, where P is the size of the mini-batch,
hence between O(P 2 ) and O(P 3 ). Instead, the time complexity of
KOS-ELM at iteration i is on the order of O(i 2 ), although this
complexity can decrease by considering the sparsification criteria
presented in the next section.
IV. S PARSIFICATION OF KOS-ELM
It was already hinted in Section I that the ability of handling
irrelevant and redundant data is of fundamental importance in ELM.
This is more acute in the case of online kernel methods, whose models
grow linearly with the number of examples that are presented to
them. For this reason, the problem of sparsification of the filters, i.e.,
the problem of actively discarding nodes and selecting inputs to be
processed, has been extensively studied in the KAF field.
The problem can be stated formally as follows. At iteration n,
in general, we will have processed and stored a set D of Q inputs
Q
D = {xi }i=1 , known as the dictionary, which is a subset of the
original training data {x1 , . . . , xn−1 }. A constructive sparsification
criterion performs a given sequence of tests to choose whether the
new input pair (xn , yn ) should be processed or not to eliminate
redundant data and enhance the generalization capabilities of the
model. Ideally, such a test should also guarantee that the overall
size of the network is bounded in the stationary case. On the
contrary, a pruning criterion adds the new input without testing and,
subsequently, discards inputs from the new dictionary if deemed
necessary.
An example of the former case is the ALD criterion [15].
Using ALD, the input xn is rejected if its distance to the linear span
of the current dictionary in the feature space is less than a certain
threshold δ, specified a priori







 <δ
h(x
)
−
α
h(x
)
(10)
dis = min 
n
j
j


α 

x j ∈D
2

where h(·) denotes the feature space associated to the kernel and
α = [α1 , . . . , α Q ]T is the vector of coefficients of the linear
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TABLE II
G ENERAL D ESCRIPTION OF THE D ATASETS

combination. It turns out that in KRLS, (10) can be simplified
greatly [15]
dis2 = k(xn , xn ) − knT −1
D kn

(11)

where  D is the kernel matrix restricted to the dictionary and can
be estimated efficiently [15].
An example of a pruning sparsification criterion, instead, is the
FB criterion developed in [17]. The algorithm considers a maximum
dimension F of the network. If the new input makes the size of the
dictionary larger than F, the least significant pattern is removed from
the dictionary, where significance is defined in terms of the error on
the new pattern after removal. After the pruning step, the new Gram
matrix is recomputed using a simple procedure based on the matrix
inversion lemma. We refer to [17] for additional details.
In the following, we refer to KOS-ELM with the inclusion of
the aforementioned criteria as ALD-KOS-ELM and FB-KOS-ELM,
respectively. Although we have chosen only two examples of sparsification criteria, an ample literature exists on the topic, with more
methods being published every month. Clearly, an exhaustive survey
of them is beyond the scope of this brief. We refer to [23] and [24] for
more recent studies in this context. Finally, we observe that by using
a sparsification criteria, time complexity of KOS-ELM is effectively
reduced to O(Q 2 ).
V. E XPERIMENTAL E VALUATION
A. Setup
To show the validity of the proposed algorithm, in this section,
we present a comparison of ELM, K-ELM, OS-ELM, and the two
variants of the KOS-ELM algorithm on four selected datasets. The
raw KOS-ELM algorithm, without sparsification criteria, is excluded
due to its very high training time. In all cases, to compute performance, we averaged over a stratified 10-fold cross validation on the
available dataset, except for the Wisconsin database of breast cancer (WDBC) dataset, where we executed a three-fold cross validation
due to the smaller size. All experiments are then averaged over
20 different runs. We tested K-ELM and KOS-ELM with a Gaussian
kernel
k(x, y) = exp(−γ x − y2 )

(12)

where γ is a parameter known as the kernel bandwidth. The Gaussian
kernel of (12) belongs to the class of universal kernels that grants
kernel methods with the universal approximation capability (provided
a sufficiently large regularization parameter C). As a comparison,
we tested ELM and OS-ELM using sigmoid additive activation
functions
1
(13)
g(x) =
−(ax+b)
1+e
where the parameters a ∈ Rd , b ∈ R of the function are extracted
randomly from the uniform distribution [−1, 1]. Inputs to OS-ELM
were presented by 200, and the algorithm was initialized with an
initial batch of 250 elements. The two sparsification criteria were
adapted from the Kernel Methods Toolbox [25]. Parameters of the

TABLE III
O PTIMAL PARAMETERS F OUND BY THE G RID -S EARCH P ROCEDURE ,
AVERAGED OVER THE D IFFERENT RUNS

algorithms were found by performing a grid search and measuring
performance by an additional stratified three-fold cross validation on
the training data. The following intervals were searched.
1) For K-ELM, the regularization parameter C and the
bandwidth γ of the Gaussian kernel were searched in
{2−8 , 2−4 , . . . , 213 }. These two parameters are shared with
KOS-ELM.
2) For ELM, the regularization parameter was searched in the
same interval detailed before, while hidden nodes in the interval
from 100 to 1000 (by steps of 50). OS-ELM shares the same
configuration of ELM.
3) The threshold δ of ALD was searched uniformly in
{0.05, 0.1, . . . , 0.8}, while the maximum size F of the
fixed-budget criterion in {50, 100, . . . , 400}.
The name of the datasets, number of input features, and expected
output are described in Table II. We note that prior to training, the
inputs to the system were normalized between 0 and 1. The averaged
values of the optimal parameters found by the grid-search procedure
are in Table III. All simulations were performed by MATLAB 2013a,
on an Intel Core i3 3.07 GHz processor at 64 bit with 16 GB of
RAM, using the Lynx MATLAB toolbox.3 Detailed instructions to
repeat them are available on the corresponding author’s website.4
Next, we analyze in detail the results on each dataset.
B. Results
In the first experiment, we have used the Sylva binary classification
dataset,5 which has several peculiar characteristics: 1) it is rather big
(more than 14000 examples); 2) it has a large number of distracting
features; and 3) it has a marked class imbalance, with only 6.15% of
positive examples. Results of this experiment are shown in the first
row of Table IV. Due to the class imbalance, we use the matthew
correlation coefficient (MCC) [26] as a performance measure, since
it is more robust to the skewness of the dataset. The MCC ranges
3 https://github.com/ispamm/Lynx-Toolbox/
4 http://ispac.ing.uniroma1.it/scardapane/software/lynx/online-kelm/
5 http://www.causality.inf.ethz.ch/al_data/SYLVA.html
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TABLE IV
E XPERIMENTAL R ESULTS FOR THE T WO C LASSIFICATION D ATASETS . W E S HOW THE AVERAGE AND S TANDARD D EVIATION OF THE MCC,
AND THE AVERAGE T RAINING T IME B ETWEEN B RACKETS ( IN S ECONDS ). B EST R ESULTS A RE IN B OLD

TABLE V
C ONFUSION M ATRICES FOR THE S YLVA D ATASET, R ELATIVE TO THE
ELM, K-ELM, AND FB-KOS-ELM A LGORITHMS . R ESULTS
A RE AVERAGED OVER THE D IFFERENT RUNS , AND
ROUNDED TO THE N EAREST I NTEGER

Fig. 3.

in [−1, 1], with 1 indicating the perfect correlation between true
class and output of the algorithm, and −1 the perfect negative
correlation. Probably due to the aforementioned characteristics,
K-ELM has a higher performance with respect to ELM, being on
average 5% more correlated with the desired output. This is obtained
at the cost of a larger training time: slightly more than 17 s against
1/5 of a second for ELM. This shows that, even if ELM is one
of the fastest learning models to train, in some situations, it can
be suboptimal with respect to its kernel counterpart in terms of
classification accuracy. OS-ELM reaches a similar performance to
ELM, while FB-KOS-ELM obtains a higher MCC score with respect
to K-ELM, and it is in total 9% higher than the standard ELM MCC
score. Moreover, it is also able to leverage on the required
training time of K-ELM, being 15% faster in average.
ALD-KOS-ELM is in between, scoring better than ELM, but
lower than K-ELM, although it needs only 9 s to train. Therefore,
if our main aim is testing accuracy, FB-KOS-ELM would be our
first choice in this situation, while ALD-KOS-ELM provides a
good compromise between accuracy and required training time.
To further strengthen this point, we show in Table V the confusion
matrices for ELM, K-ELM, and FB-KOS-ELM. We can see that
ELM has a high rate of false negatives that are almost absent for
FB-KOS-ELM, and hence, the superior performance. This is also
shown in Fig. 3, where we plotted the precision–recall curve [27] for
the three algorithms. We see that the FB-KOS-ELM curve, shown
in red, dominates the other two curves, signifying that the algorithm
is outperforming ELM and K-ELM in terms of classification
accuracy.
Even in situations in which KOS-ELM is not able to surpass the
testing accuracy of K-ELM, it can be a valid alternative to it due
to its lower training time, especially for very large datasets. Even
worse, in some situations, the available hardware may not be enough
to perform the matrix inversion required by K-ELM. We explore this
situation in our second experiment, where we use the Calhousing
dataset taken from the StatLib repository.6 This is a regression task,
6 http://www.dcc.fc.up.pt/~ltorgo/Regression/cal_housing.html

Precision–recall curve for the Sylva dataset.

whose dataset is larger than the previous task, containing more than
20 000 examples. Results of this simulation are presented in Table VI,
where we use the normalized root mean-squared error (NRMSE) as
a performance measure, defined for a testing set T as
NRMSE(T ) =

2
(xi ,yi )∈T ( f (xi ) − yi )
|T |σ̂ y2

(14)

where |T | denotes the cardinality of the set T and σ̂ y2 is an empirical
estimate of the variance of y. We see that in this situation, K-ELM
has a 10% decrease in testing error with respect to ELM, but the
difference in training time is more pronounced than in the previous
experiment: more than 43 s against 0.47 s of ELM. Moreover,
in a computer with a similar configuration but a lower amount
of RAM (4 GB), MATLAB was not able to perform the matrix
inversion due to the excessive requirements in terms of memory
storage. In this experiment, we observe from Table VI that
ALD-KOS-ELM is able to obtain equivalent performance with
respect to K-ELM, using only a third of its training time, slightly
more than 16 s. Moreover, there is no need of storing the full kernel
matrix, since the final network was always restricted to a few hundred
elements. In this experiment, OS-ELM presented several problems
of numerical instability, and for this reason, we decided to exclude
it from the results. In addition, we also note that the FB criterion
is working relatively poorly here, with a large increase in training
time and testing error. Using F = 800, we were able to obtain a
similar performance with respect to K-ELM, although training time
was around 100 s. This exemplifies that in some datasets, different
sparsification criteria can have unequal performance. However, in our
experience, in typical machine learning tasks in general, it is possible
to obtain very good results using one of the two criteria we detailed
here.
Similar results are obtained for the second regression dataset,
where the task is predicting the value of the Mackey-Glass time
series, given the last seven samples of the series. The series is
generated according to the procedure detailed in [24].
ALD-KOS-ELM is the best performing algorithm in this context
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TABLE VI
E XPERIMENTAL R ESULTS FOR THE C ALHOUSING AND M ACKEY-G LASS D ATASETS . W E S HOW THE AVERAGE AND S TANDARD D EVIATION OF THE
NRMSE, AND THE AVERAGE T RAINING T IME B ETWEEN B RACKETS ( IN S ECONDS ). B EST R ESULTS A RE IN B OLD

TABLE VII
C ONFUSION M ATRICES FOR THE WDBC D ATASET, R ELATIVE TO THE
ELM, K-ELM, AND FB-KOS-ELM A LGORITHMS . R ESULTS
A RE AVERAGED OVER THE D IFFERENT RUNS , AND
ROUNDED TO THE N EAREST I NTEGER

the algorithm is a straightforward extension of the KRLS taken from
the KAF family. Besides filling a gap in the ELM theory, KOS-ELM
may provide a useful learning tool in situations where kernel-based
methods perform well and an OS setting is required, or the dataset is
too large for a single matrix inversion. Moreover, we hope that this
brief may help in strengthening the connections between the Machine
Learning and the Adaptive Filtering communities, in both of which
kernel algorithms are in widespread use [29], and in providing a
bridge for the circulation of additional results. As an example, we are
eager to test time-variant versions of KOS-ELM in dynamic scenarios
on which ELM is beginning to be adopted [30]. In fact, criteria such
as the FB are especially designed to be performant in these situations,
which are more recurrent in adaptive filtering applications.
ACKNOWLEDGMENT

(with a marked improvement with respect to the standard ELM),
and its training time is approximately 1/4 with respect to that of the
batch K-ELM.
Superior performance of KOS-ELM can be obtained even on
small-sized datasets, possibly due to its robustness to uninformative
patterns and outliers. In these cases, however, it is difficult to obtain
significantly lower training times, since the single matrix inversion of
K-ELM can be performed very efficiently for small kernel matrices.
To show this, in our last experiment, we use the classification
problem known as WDBC taken from the UCI repository.7 It contains
569 examples distributed evenly in two classes, each one described
by 30 features. The examples are extracted from real-world cases,
and it is shown that only a small subset of the features is useful for
classification purposes [28]. Results of the experiment are presented
in the second row of Table IV, using the MCC as a performance
measure. In terms of classification accuracy, it has a similar outcome
with respect to the Sylva dataset. K-ELM works better than ELM,
with a 2% increase in correlation with the output. FB-KOS-ELM
is the best scoring algorithm, with an additional 3% increase with
respect to K-ELM. Both OS-ELM and ALD-KOS-ELM have inferior
performances here. As expected, we see that for small datasets, the
use of KOS-ELM introduces an overhead in terms of computational
time. However, we believe this is probably negligible at this order
of magnitude (no algorithm took more than a second to train).
To elaborate on this, we also show the confusion matrices for ELM,
K-ELM, and FB-KOS-ELM in Table VII. As was the case for the
previous classification experiment, we see that FB-KOS-ELM is able
to reduce both false positives and false negatives, while in this case,
ELM and K-ELM achieve similar performance.
VI. C ONCLUSION
In this brief, we have presented an algorithm for online learning
with a kernel-based ELM that we called KOS-ELM. In particular,
7 http://archive.ics.uci.edu/ml/index.html
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