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Abstract. This paper introduces a new method for improving nonlinear
modeling performance in online learning by using functional link-based
models. The proposed algorithm is capable of selecting the useful nonlinear elements resulting from the functional expansion, while setting
to zero the ones that does not bring any improvement of the modeling
performance. This allows to reduce any gradient noise due to a possible
overestimate of the solution, thus preventing any overﬁtting phenomena. The proposed model is assessed in several nonlinear identiﬁcation
problems, including diﬀerent levels of nonlinearity, showing signiﬁcant
improvements.
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1

Introduction

The nonlinearity degree in a signal may depend on several factors related to
the signal itself, such as its nonstationary or time-varying nature. Therefore,
in nonlinear system identiﬁcation problems, it becomes very diﬃcult to design
a priori a nonlinear model to be used without incurring in any overﬁtting issue. All along the years, in oﬄine learning problems, pruning methods have
been widely applied to batch and sequential models, due to the modeling performance improvement that they produce [8,9,12,11,16]. However, in online learning
problems, these methods may not be appropriate, sometimes due to expensive
computational load, or even due to batch processing. In this case, other methods can be adopted that do not actually prune unnecessary elements, but just
perform an online selection of the useful elements.
In this paper, we propose a new method for improving nonlinear modeling performance in online learning, which performs an online selection of the nonlinear
elements, thus reducing any gradient noise that may be generated by a possible overestimate of the solution. We focus on a class of linear-in-the-nonlinear
adaptive models [18], which are based on a nonlinear transformation of the input signal that projects it in a higher dimensional space. Then, the transformed
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signal can be processed by a linear model. In particular, we take into account
the nonlinear functional link adaptive ﬁlters (FLAFs) [3], in which the nonlinear
expansion is carried out by the so-called functional links [14,15,19,1], and the
subsequent linear model is an adaptive ﬁlter.
One of the main advantages of the FLAF model lies in its ﬂexibility, since the
setting of several parameters is allowed in order to ﬁt the model to a speciﬁc
application. In this regard, an important choice in the FLAF design concerns
the amount of functional links to be employed for the modeling. This choice is
strictly related to the nonlinearity degree introduced by the unknown system.
However, when the number of functional links is too high with respect to the
nonlinearity to be modeled, it may lead to overﬁtting phenomena that may cause
a decrease of the modeling performance [4]. This is due to the fact that only a
portion ,i.e. a sparse representation, of functional links actively contributes to
the ﬁltering.
In order to address this problem, we exploit a sparse representation of the functional links [4] to perform an online selection and thus improve the performance.
This approach is based on the proportionate adaptive algorithms [7,10,13]. Proportionate algorithms were developed to improve the convergence performance
in linear systems when the impulse response to be estimated shows a sparse nature, i.e., many of its coeﬃcients are zero or very close to zero. However, sparsity
is not only related to linear systems, but it can also occur in the estimation of
nonlinearities, as not all the elements of a nonlinear model may be useful for
a correct modeling. Unlike [4], where a split FLAF architecture was proposed
for nonlinear acoustic echo cancellation, in this paper, we focus on a μ-law rule
[6] to exploit a sparse functional link representation for nonlinear FLAF. The
resulting μ-law proportionate FLAF algorithm gives a greater importance to the
coeﬃcients that contribute actively to the nonlinear modeling. At the same time,
any overﬁtting phenomenon caused by the unnecessary coeﬃcients is avoided.
The eﬀectiveness of the the proposed method is assessed in the nonlinear system
identiﬁcation problems, which requires online processing.
The paper is organized as follows: the nonlinear FLAF model is introduced
in Section 2 and the proposed algorithm is detailed in Section 3. Results are
discussed in Section 4 and, ﬁnally, in Section 5 our conclusions are drawn.

2

A Brief Review on the Nonlinear FLAF

The FLAF model is based on the representation of the input signal in a higherdimensional space [14], in which an enhanced nonlinear modeling is allowed.
Such approach derives from the machine learning theory, more precisely from
the Cover’s Theorem on the separability of patterns (see for example [8]).
The purely nonlinear FLAF is composed of two main parts: a nonlinear functional expansion block (FEB) and a subsequent linear adaptive ﬁlter, as depicted
in Fig. 1. The FEB consists of a series of functions, which might be a subset
of a complete set of orthonormal basis functions satisfying universal approximation constraints. The term “functional links” actually refers to the functions
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Fig. 1. The nonlinear functional link adaptive ﬁlter



contained in the chosen set Φ = ϕ0 (·) , ϕ1 (·) , . . . , ϕQ−1 (·) , where Q is the
number of functional links. At the n-th time instant, the FEBreceives the input
sample x [n], which is stored in an input buﬀer xN,n ∈ RMi = x [n] x [n − 1] . . .
T
x [n − Mi + 1] , where Mi is deﬁned as the input buﬀer length. Each element
of xN,n is passed as argument to the chosen set of functions Φ, thus yielding a
subvector gi,n ∈ RQ :
gi,n =





ϕ0 (x [n − i]) ϕ1 (x [n − i]) . . . ϕQ−1 (x [n − i]) .

(1)

The concatenation of all the subvectors, for i = 0, . . . , Mi − 1, engenders an
expanded buﬀer gn ∈ RMe :
T
T 

= g0 [n] g1 [n] . . . gMe −1 [n]
gn = gT0,n gT1,n . . . gTMi −1,n

(2)

where Me ≥ Mi represents the length of the expanded buﬀer. Note that Me = Mi
only when Q = 1. As functional expansion, we choose a nonlinear trigonometric
series expansion:

sin (pπx [n − i]) , j = 2p − 2
ϕj (x [n − i]) = cos (pπx [n − i]) , j = 2p − 1
(3)
where p = 1, . . . , P is the expansion index, being P the expansion order, and
j = 0, . . . , Q − 1 is the functional link index. The trigonometric expansion (3)
implies a functional link set Φ composed of Q = 2P functional links. Some
convergence properties of the nonlinear FLAF of Fig. 1 can be found in [5]. It is
worth noting that (3) actually refers to a memoryless expansion, since it does not
involve cross-products, but it can be easily extended to a memory expansion (see
[3] for a detailed explanation). A way of considering the memory of a nonlinearity
is that of taking into account the outer products of the i-th input sample with
the functional links of the previous input samples. The FLAF with memory is
characterized by a memory order K [3].
The expanded buﬀer gn is then fed into a linear adaptive ﬁlter wFL,n ∈ RMe =

wFL,0 [n] wFL,1 [n] . . . wFL,Me −1 [n]]T , thus providing the nonlinear output:
yFL [n] = gnT wFL,n−1 .
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Thereby, the nonlinear error signal is:
eFL [n] = d [n] − yFL [n]

(5)

which is used for the adaptation of wFL,n . In (5), d [n] represents the desired
signal for the nonlinear model. Being wFL,n a conventional linear ﬁlter, it can
be adapted by any adaptive algorithm based on the minimization of the mean
square error [20]. The use of an adaptive ﬁlter after the expansion allows to
apply the FLAF model to several online learning applications, such as active
noise reduction, acoustic echo cancellation [19,2,17,3].

3

The µ-law Proportionate FLAF

Very often, nonlinearities aﬀecting an input signal may vary in time and frequency. This behavior is further stressed when the input signals has a nonstationary nature. This is the reason why not all the nonlinear elements of an
expanded buﬀer may be useful in the same way to model a dynamic nonlinear
channel. A possible solution to this drawback is that of using a weighted mask
for the nonlinear ﬁlter in an attempt to give more prominence to those nonlinear elements of the expanded buﬀer that have an active role in the modeling of
nonlinearities. To this end, we introduce a weighted adaptive algorithm for the
nonlinear FLAF, that provides a sparse representation of functional links, thus
performing an online selection of them. In order to exploit the sparsity in the
expanded buﬀer, proportionate adaptive algorithms may be adopted [7,10,13].
Among such algorithms, we take into account the μ-law proportionate normalized
least mean square (MPNLMS) algorithm, which is based on an approximation of
the optimal proportionate step size [6]. According to this, the update equation
of the MPNLMS-FLAF can be expressed as:
wFL,n = wFL,n−1 + η

Q n gn
eFL [n]
gnT Qn gn + δP

(6)

where η is the step-size parameter and δrP is a regularization factor. Qn is a
diagonal weighting matrix that contains the proportionate coeﬃcients qm [n],
with m = 0, . . . , Me − 1, whose values are computed according to [6]:
qm [n] =

1
Me

γm [n]
Me −1
i=0

γi [n]

,

m = 0, . . . , Me − 1.

(7)

The coeﬃcients γm [n] can be computed by introducing a function of the estimate
of the optimal ﬁlter coeﬃcient:
θm [n] =

ln (1 + μ |wFL,m [n − 1]|)
,
ln (1 + μ)

m = 0, . . . , Me − 1

(8)

where the step size can be represented as μ = 1/ε. The parameter ε is a very
small positive number and its value can be chosen according to the measurement
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noise. As a default choice, we set ε = 0.001 (i.e., μ = 1000) that means that the
noise below −60 dB is negligible. In (8), the constant 1 inside the logarithm
has been introduced in order to avoid a singular point when |wFL,m [n]| = 0.
Moreover, the denominator normalizes the function to be in the range [0, 1].
It is worth noting that the function θm [n] is nothing but the μ-law used in
nonuniform compression in telecommunication applications [6].
Based on (8), it is possible to deﬁne, ﬁrst, a lower bound for the coeﬃcients
γm [n]:
(9)
γmin [n] = ρ max {ξ, θ0 [n] , . . . , θMe −1 [n]}
where ρ is a scaling factor and ξ is a threshold value, usually chosen respectively
as ρ = 0.01 and ξ = 0.01. Then, using (8) and (9), it is possible to deﬁne the
coeﬃcients γm [n]:
γm [n] = max {γmin [n] , θm [n]}
(10)
that can be ﬁnally used to derive the proportionate coeﬃcients in (7) and, thus,
to achieve the update equation (6) for the MPNLMS-FLAF.

4

Experimental Results

In this section, we evaluate the nonlinear modeling performance of the proposed
MPNLMS-FLAF. We assess the eﬀectiveness of the MPNLMS-FLAF over three
diﬀerent system identiﬁcation scenarios, which are distinguished according to
the nonlinearity degree introduced by an unknown system. In all the scenarios,
the plant to be identiﬁed is composed of a nonlinear system followed by a linear system, in a Hammerstein conﬁguration as depicted in Fig. 2. The input
signal is√generated
 by a ﬁrst-order autoregressive model, whose transfer function is 1 − θ2 / 1 − θz −1 , with θ = 0.8, fed with an independent identically
distributed (i.i.d.) Gaussian random process. The length of the input signal is
L = 20000 samples. In each scenario, the linear system is formed by M = 7 independent random values between −1 and 1. An additive i.i.d. noise signal v [n]
is added at the output of the whole plant, in order to provide 30 dB of signal-tonoise ratio (SNR). Performance is evaluated in terms of the excess mean square
error (EMSE), in dB:
2

EMSE [n] = 10 log10 E (e [n] − v [n])

(11)

which is averaged over 1000 runs with respect to input and noise. Moreover, in
order to facilitate the visualization, curves are smoothed by a moving-average
v > n@
x > n@
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Fig. 2. General scheme for nonlinear system identiﬁcation scenarios
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Fig. 3. Performance behavior in terms of ERLE in the presence of: (a) mild nonlinearity, and (b) strong nonlinearity

ﬁlter. In all the scenarios, the proposed MPNLMS-FLAF is compared, in terms
of the EMSE, with the standard NLMS-FLAF, in which the FLAF is simply
adapted by an NLMS algorithm [3], and with a simple NLMS algorithm, in
order to have a linear reference.
In the ﬁrst scenario, we assume that the nonlinear system applies a symmetrical soft-clipping distortion to the input signal, described by the following
equation [4]:
⎧
2
for 0 ≤ |x [n]| ≤ ζ
⎨
3ζ x [n]
2
3−(2−x[n]/ζ)
x [n] = sign (x [n])
(12)
for ζ ≤ |x [n]| ≤ 2ζ
3
⎩
sign (x [n])
for 2ζ ≤ |x [n]| ≤ 1
where ζ is a threshold chosen in the range (0 , 0.5]. For this experiment this
threshold is chosen as ζ = 0.15, thus providing a medium/mild degree of nonlinearity. We normalize the input signal to limit its amplitude in the range [−1, 1].
The resulting signal x [n] is convolved with the linear impulse response, as in
Fig. 2. The parameter setting of FLAF-based models for this experiment is:
μFL = 0.2, δFL = 10−3 , Mi = M , P = 15. Memoryless FLAFs are considered for
this experiments (i.e., K = 0). Results are shown in Fig. 3(a), in which it can
be seen that the proposed MPNLMS-FLAF outperforms the NLMS-FLAF.
In the second scenario, as regards the nonlinear system, we consider the same
symmetrical soft-clipping distortion of (12), but we choose a threshold ζ =
0.05, which yields a high degree of nonlinearity. Diﬀerently from the previous
parameter setting, in this case we use a higher expansion order, i.e., P = 30.
Results are shown in Fig. 3(b), where it is possible to notice that the gap between
the linear model and the FLAF-based ones is larger with respect to the previous
scenario, since the nonlinearity introduced is stronger than before. Moreover, the
proposed MPNLMS-FLAF keeps its performance gain over the NLMS-FLAF.
In the last scenario, we increase the diﬃculty of the problem by considering a dynamic nonlinearity, whose function involves a temporal dependence.
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In particular, the nonlinear system in Fig. 2 is composed of two subsequent
blocks. The ﬁrst block receives the input signal x [n] and applies the following
dynamic nonlinearity:
3
cos
2
1
+ sin
2
3
− sin
2
9
+
sin
10

u [n] =

2
π
3
π
π
π
9
x [n] −
cos
x [n] + cos
x [n] sin
x [n − 1]
2
10
2
5
2
4
π
π
2
π
π
x [n] cos
x [n − 2] − sin
x [n] cos
x [n − 3]
2
8
5
2
16
π
π
x [n − 1] cos
x [n − 2]
4
8
π
π
π
x [n] cos
x [n − 1] sin
x [n − 3] .
(13)
2
4
16

The resulting signal u [n] is then processed by a 3-rd order Chebyshev ﬁlter with
transfer function:
H (z) =

0.6055 + 0.7785z −1 + 0.778z −2 + 0.6055z −3
,
1 + 0.6416z −1 + 0.7692z −2 + 0.3574z −3

(14)

thus yielding the nonlinear signal u [n] that is then fed into the linear system
according to the sceme in Fig. 2. For this experiment, we choose the same expansion order of the previous experiment, P = 30, but we take into account
also some memory in the functional links in order to better model the timedependent nonlinearity. In particular, we choose a memory order K = 5, which
represents a good compromise between performance and computational cost [3].
The other parameters are setting as in the previous experiments. Results are
shown in Fig. 4, where it can be seen that, while the linear model is not able
to provide any improvement, the FLAF-based models achieve good results, and,
in particular, the MPNLMS-FLAF takes advantage of its parameter selection
to provide a larger improvement with respect to the NLMS-FLAF. It should
be noted that, although the nonlinearity adopted in the third scenario is very
strong, it is composed of sine and cosines, thus facilitating the modeling by
trigonometric functional links.
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Fig. 4. Performance behavior in terms of the EMSE in the presence of strong dynamic
nonlinearity
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By considering the three experiments above, it is worth noting that the proposed MPNLMS-FLAF achieves an improvement as large as higher the nonlinearity degree. This is due to the fact that a strong nonlinearity needs a larger
expansion buﬀer, whose eﬀectiveness of the nonlinear elements is not uniform
but sparse. Moreover, it can be noticed that, unlike the MPNLMS-FLAF, the
NLMS-FLAF considers also the useless functional links, which generates overﬁtting. Therefore, we can conclude that the performance gap of the NLMS-FLAF
from the proposed MPNLMS-FLAF is essentially due to the overﬁtting.

5

Conclusion

In this paper, a new algorithm has been proposed to perform an online selection
of functional links in a FLAF. The selection of functional links serves to prevent the occurrence of overﬁtting phenomena when the system to be identiﬁed is
unknown. The proposed MPNLMS-FLAF is based on the μ-law proportionate
adaptive algorithm and exploits the sparse representation of functional links.
This model has been assessed in nonlinear system identiﬁcation problems. In
particular, three scenarios with diﬀerent nonlinearity degrees have been considered. Results have proved the eﬀectiveness of the proposed method for all the
scenarios. In future works, the adopted algorithm may be extended also to more
sophisticated FLAF-based architectures for problems like the nonlinear acoustic
echo cancellation. Moreover, other kinds of proportionate algorithms can be investigated to online select functional links. The method can be also extended to
other classes of linear-in-the-parameters nonlinear models.
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